where z = x 1 + V^T x 2 denotes an isothermal coordinate and the metric tensor of E is written as ^{(dx 1 ) 2 + (dx 2 ) 2 ).
Note that a solution u of (0.2) gives a parametrization (at regular points) of a surface with the mean curvature prescribed by the tensor H(-) if it satisfies the conformality condition; \u x i| 2 -\u x 21 2 = (u x i,u x 2)= 0.
H-surfaces defined by Definition 0.1 generalizes that given in section 0 of [8] . In [8] , an H-surface is defined as an extremal of conformally invariant functional; for the tensor ff defined by (0.1).
In section 2, we will show that if N is a manifold of negative sectional curvature, I(u, UQ] f) defined by (0.5) is globally defined in a given homotopy class 7 of maps of S to TV independent of choice of homotopy /. In this case, we can define the functional IH(U) ~ I(U,UQ', f) fixing UQ G 7.
In section 3, we shall prove the following existence theorem. 
Remark.
1. Theorem A can be considered as a H-surface version of theorem of Eells-Sampson [2] and Hartman [4] which states the existence and uniqueness of harmonic maps into manifolds of non-positive sectional curvature. (These corresponds to the case H = 0 in Theorem A.) On the other hand, Theorem B shows us that, in general, the condition that the sectional curvature is strictly negative is necessary for the existence of H-surface in the present sense.
2. Let us compare Theorem A and Theorem B with Theorem 0.1 in [8] which ensures the existence of local minimizer of functional (0.3) for sufficiently small \duj\ without the curvature bound on target manifold N. Theorem A is an improved version of Theorem 0.1 in [8] in the sense that Theorem A gives us an effect of geometry of N, while the contrast between the non-existence result of Theorem B and the existence result of Theorem 0.1 in [8] shows us the essential difference between the present definition of H-surface and that of [8] .
3. An existence results for a solution of equation (0.2) with small range was obtained by Gulliver [3] .
reminding him of the result by Gulliver [3] . He also thanks Prof.T.Sunada who reminds him of paper [6] by Novikov which also proposes multi-valued functional in connection with dynamical systems.
Variational problem for a multi-valued functional.
To investigate the dependency of I(n, UQ, f) defined in (0.5) on the choice of homotopy /, we shall compute I(u, UQ) UQ] g) for two homotopies / and g with (0.4) as follows. Since N is compact, it is possible to decompose a as (1.1) a = avoljsi + dp for some constant a and 2-form /3 on N. And set
Since / and g satisfy (0.4), F can be considered as a Lipschitz map of S x S 1 to N. Thus, (0.5) and (1.1) imply (
is uniquely determined and it coincides with functional (0.3) essentially.
As for the global situation, (1.4) and (1.5) state that we can define the multi-valued functional {I(u)} by {I(u)} := {/(i^-uo;/); / is a homotopy with (0.4)} whose value is determined modulo 2KVN depending on the choice of UQ. On the other hand, (1.5) enables us to define a single valued functional in some neighbourhood U of u E 7 (with respect to the C 1 -topology, for example). In fact, taking U sufficiently small, we can connect any map v G U to u by a homotopy g with
(For example, for C 1 -section X of T*E ® u*TN with sufficiently small |X| and jV-X"), we can cover some neighborhood of u in C 1 (S, JV) by map t? := exp u (X) and taking a homotopy g{x,t) := exp u (tX), we can establish (1.6).) In view of (1.5), I{v,u',g) is well-defined in the neighbourhood U of u. Fix a homotopy /o with (0.4). Then, we can define single valued functional // 0 (^) on U by
where G is a homotopy between UQ and v defined by ^(x, 2t -1) for i < t
^2'
I<t<l.
// 0 (v) is defined up to a constant depending on choice of homotopy /Q.
It is easy to check that (0.1) is a Euler-Lagrange equation for the functional If 0 on U independent of the choice of UQ.
In a word, our problem is local variational problem. Thus, all the local concept in the calculus of variation can be defined for this problem. Here, the term "local "means "local in the space of admissible maps ". For example, stability (or equivalently locally minimizing property) and instability can be defined.
Functional for manifolds of negative sectional curvature.
Throughout section 2 and 3, we assume that the sectional curvature KN of iV is bounded from above by -K 2 for some K > 0. We work in smooth maps or at least Lipschitz maps, since we do not have to analyze in a larger space of admissible maps because of the strong smoothing effect of the heat flow under our assumption. (2) For any smooth map u E 7, there is the homotopy f connecting u and h with
3) t \-+f{x,t) is a geodesic for any x E S.
Proo/. Let / and g be two homotopies connecting u and /z. And define the map F : S x S 1 -» JV by (1.5). We will consider the heat flow equation; 
Estimates of volume functional.
To estimate the volume functional V^u^h) := / Sx ro 1] /*<* where / is a homotopy between u and /i, we need some Jacobi field estimates. For the definition and further details on Jacobi fields, see [1] for example. Let Cj(s,i)(i = 1,2) be two families of geodesies parametrized by t and J^s) := ^-(5,0)(i = 1,2) corresponding Jacobi fields, jf and jf* denote the tangential and normal component of J;. We assume c(s) := ci(s,0) = C2(5,0). In the sequel, "/"and "-"denote derivatives with respect to s and t respectively. We adopt the normalization; 
2=1
where R N denotes the curvature tensor of iV. Since {J? (s)| = | J? (0)|, we obtain the desired result by integrating (2.14) with respect to s. □
Lemma 2.3 (Jager-Kaul). Suppose J is a Jacobi field along c and satisfies
Proof. Noting that we adopt the normalization Ic'l = e/, the proof of [5] implies the inequality (2.15). □ 
exist constants d(K,9) and C(K,9) such that if d > d(K,9), the following inequality holds; (2.17) qN(l)-qN(0)-q f N (0)>2K0j {\p(s)\ + |p(0)|} ds-C(K,e)(^-+ q(0)).
Proof. 
(s)<sq{l) + (l-s)q{0).
Thus, by (2.21) and (2.22), we obtain 
\V a {u,h)\ < ^(D( U ,E) -D(h,-S) + C(K,e,h)).
Proof. Let e; G T X E(2 = 1,2) be a orthonormal basis at x E E. First, note that
So, we only have to estimates the term;
For x 6 S, we define Jacobi fields Ji(x,s)(i = 1,2) along the geodesic Or : 5 i-)-/(z, 5) so that
Let p(rz;,5),g(a;,5) and qN(x,s) denote the functions defined by (2.6),(2.7) and (2.16) for Ji(x,s). And set d x := length of c x . In these notations,
V= [ \p(x,s)\dV{x)ds
Setting S^ := {x G S;^ > i?} for sufficiently large R > 0 and integrating (2.24) over S^, we have
On the other hand, integrating (2. 
-
Taking 6 sufficiently close to 1 and R sufficiently large, we obtain the desired result. □
Completion of Proof of Theorem A.
To prove Theorem A, we use the consequence of Proposition 2.6, minimizing process in [8] 
The 2nd term of (3.4) is computed and estimated as
Since V a iJ and H are skew-symmetric, we can compute and estimate the last term as 
-^)(D(u,i:)-D(h,E)) -\ a \C(KAh).
Since |a| = \H\ < K by assumption, we may assume 1 -^ > 8 > 0, taking 0 sufficiently close to 1. Then, (3.8) denotes the coersiveness of Iniu^h) with respect to the Dirichlet integral. Take a minimizing sequence {ui} C C 00 (E,iV r ) of IH and consider the heat flow equation; Uniqueness for constant mean curvature equation: This is a direct consequence of Lemma 3.2 and the argument of Hartman [4] . □
Remark.
1. If harmonic map h in the homotopy class 7 maps E to a closed geodesic in N or it is a constant map, harmonic map h itself is a global minimizer in the existence part of Theorem A. Moreover, since Vi^z x V2U = 0 in this case, h satisfies equation (0,1) for any H. To see the minimizing property, we only need Lemma 2.2. Since p(0) = 0 in this case, the integration of (2.8) over S x [0.1] implies
\V\<^{D(u^)-D(h;E)}
where V is the quantity defined by (2.28 ). This leads us to the estimate IH(U) > (1 -i|l) {D(u; E) -D(h; S)} .
